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Abstract 

In the present note we use rank-2-bundles over P 3 to construct octic hypersurfaces 
with many nodes. We give an example with 128 nodes. 

Introduction 

Given a nodal octic S in P 3 , one can construct a Calabi-Yau-threefold, which is a desin- 
gularization of a double cover of P 3 ramified over S (cf. |C183p . So the usual way is first 
to prove existence of octics with a certain number of nodes and then to construct from 
this Calabi-Yau-threefolds with certain Euler numbers. This can also be done for octic 
arrangements with isolated singularities (cf. Cy99 , CS99 ) . 

It has been proved, that for every given number not larger than 108 there are octic 
hypersurfaces with this number of nodes ( We87 , Bo90 ). Furthermore there are exam- 
ples for many numbers between 108 and 168. For the probably most complete list of 
constructed numbers we refer to |Laj . In the references the interested reader may find the 
most important sources for constructions of octics with many nodes. The author likes to 
thank Oliver Labs for pointing out several references. Miyaoka proved in |Mi84| an upper 
bound of 174 possible nodes. 

In this note the way is reversed: Calabi-Yau-threefolds, which are desingularizations 
of double covers of P 3 are constructed, what gives rise to octics with a certain number of 
nodes. To construct the Calabi-Yau-threefolds we look at hypersurfaces of projectivized 
rank- 2- bundles over P 3 . For this class it turns out that, indeed, the octics can only have 
nodes as singularities. Finally, we construct an example with 128 nodes as our maximal 
case up to now. 

1 Construction of the octic hypersurface 

Let £ — P 3 be a rank-2-bundle and s G H a (— Kw£\) a section such that X — {s = 0} 



is smooth. We denote "{(£) := deg(cf(£) — 4ca(£)). This is invariant under tensorizing £ 
with line bundles, and moreover 

c 3 p0 = -8 7 -168, 

what can be computed by standard methods. Hence 7 is a topological invariant of X. 

The restriction to X of the projection p we call tt : X — > P 3 . The map ir is a generic 
double cover. If we take the Stein factorization 

Y^Y'^P 3 , ir = (f>oc, 

the map <fr is a double cover, whose ramification locus we denote by B c P 3 . We call B 
also the ramification divisor of 7r and denote B := tt^ 1 (B). Another description of B is 
obtained by looking at the discriminant map. 
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Construction 1.1 Let X = {s = 0}, with s G H°(—K-p( £ )) and 

B := {pG P 3 |7r is locally in p not an etale covering}. 
We define the discriminant 

A £ : S 2 £ ® J" — ► (det(£) ® ^)® 2 

by 

A £ ( c v s * s J ®f) '■= ( c ?2 - 4ciic 22 )(si As 2 (g) .f)® 2 , 

l<«j<2 

where si, s 2 is a C(?7)-basis of £ ([/), T — ► P 3 a line bundle and / € .F(i7) a generator 
of F(U) for a small open set t/cP 3 . 

It is an easy computation that this definition is independent of the chosen bases. 

Now we specify 

^ = dctf v ®0(4). 

Then the discriminant is a map 
with 

{A £ (p*s) = 0} = B 
set theoretically: in local coordinates 

S — ^ ^ Sij XiX j , 

where [x : £i] denotes the coordinates of the fibre, B is the locus, where the zeroes of 

are not two distinct points. By definition this is the discriminant locus of the qudratic 
equation in Xo,X\, given by 

Soi ~ 4s 00 sii = 0. 

This coincides with the discriminant locus of p*s. 

Since on a trivializing neighbourhood U C P 3 the map is given by 

A £ (t)\U = tl 2 -4tut 22 , 

if t € H°(p*(— Kp(£))) and t\U — (in, £i 2 , £ 22 ), we see, that, in particular, H°(A £ ) is a 
holomorphic map. 
Moreover, 

H°(A £ )(rt)=r 2 H°(A £ )(t) 

for r £ C,i e H°{—K-p( £ ))- Hence we can projectivize, not exclude, however, that 
H°(A £ )(s') = for some s' ^ 0. Therefore we get a rational map 

8s : P(H°(-K P(£) )) ■ ■ P(ff°(0(8))) = P 164 . 

Let for the moment B' :— {z E P 3 \H°(A £ )(s)(z) — 0} in the sense of ideals. If we 
denote 

P := {z e P 3 |dim7r _1 («) = 1}, 

then we see, that 

P = {z e P 3 | ^ SijXiXj = fiir alle[x : x\]} 
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and hence 

P = {z £ P 3 \s 00 {z) = s Q1 (z) = s u (z) = 0} C Sing(B'). 
Moreover, this shows 

P = {zeP 3 |7T- 1 (z) = P 1 }. 

Now let z £ Sing(B'). If soo(z) = soi( z ) = sn(z) = 0, then z £ P. So let us assume 
Soo(z) 7^ or sqx(z) ^ 0. Let us define 

x := [soi(z) : -2s 00 (z)} £ 

Since z £ B, we get that Ae(s)(z) = s i(z) 2 — 4s o( z ) s n( z ) = 0. Therefore 

s{x) = s 0Q (z)s i(z) 2 - 2s 00 (z)s i(z) 2 + 4sii(z)s 00 (z) 2 = -s oa (z)A £ (s)(z) = 0, 

hence x £ X . 

We want to show that x £ X is singular. For this we have to compute in the point x 
ds 

- — = 2s 00 x + sqiXi =0 (1) 

ox 

ds 

- — = s i^o + 2suxi =0 (2) 

OX i 

__£. _ dspo 2 _|_ ds nl , dsii 2 _ n /o\ 

- 9^, x o + a Zi ^o^i + dz . x x — u 
and we know moreover, since z G Sing(B') 1 that in the point z holds 

Soi - 4s 00 sii = (4) 

2s i^ 4s n^ 4s oo^ — = 0. (5) 

azi ozi azi 

Using the expression for x in and we compute 

ds 

a — = 2s oSoi - 2s 00 soi = 

^— = Sol ^ 4s ooSn = 

axi 



_ dsgg „2 o dsoi „ „ i /I dsn „2 

- — s oi - 2 — S 00S01 +4— s 00 



= 4^ So oSii-2^ SooSo i+4^i S 2 o = 
= -soo(2s i^-4 Sll ^-4soo^f) =0, 

with the last equation using J3J as well as JSJl. 

Thus we have proved that x £ X is singular. But we assumed X to be smooth. Hence 
it is proven that P — Sing(B'). In particular, B' is reduced and therefore B' = B in the 
sense of ideals. A 

Now we know, if X = {s = 0} for some s £ H°(—Kpis)) then 

Lemma 1.2 B = S £ (X) £ \0(8)\ and P = {p*s = 0} = Sing(B). 

Note that p*s gives the three local equations of P. For example, if £ splits, then 
we can conclude that P is the complete intersection of three hypersurfaces of degrees 
4 — y/j, 4 and 4 + ^y. (Indeed, if £ splits, then 7 is a square.) 

Let us now specify the type of the singularities. 

Lemma 1.3 B has only double points of type A\ as singularities. 
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Proof: First, singularities of B can only occur over singularities of B, hence by 
Lemma 11.21 

sooO) = s 01 (z) = s n (z) = 0, 

if y G B is singular and z = n(y). From this we conclude again by the local descriptions 
that y is singular in X. Hence B is non-singular. In particular, B has only isolated 
singularities. Now we look at the rational curves F = F p := 7r _1 (p) for p G P. The 
adjunction formula yields 

0(-2) = K F = K s \F®N F]§ . 

Since again by adjunction formula degKg\F = B.F = p^ 1 (B).F = 0we conclude 

N F]S = 0(-2) 

and hence p is a double point of type A%. □ 

Lemma 1.4 \P\ = 64 - 47. 

Proof: Since by Lemma H~2l and Lemma H~3l we know that dimP < and PP\U = 
{z G P 3 |soo( z ) — s oi( z ) — sn(z) = 0} in a trivializing neighbourhood U, we conclude 

[P)=c 3 (p*(-K n£) )). 

Again by standard methods (cf. |Hal p. 423]) we compute C3(p*(— i^F(£) ) ) = 64 — 47. □ 

This method has only limitated applications, since by Lemma 11.41 we see, that the 
number of nodes must be divisible by 4. But there is an additional restriction: 

Lemma 1.5 7(f) mod 8 G {0,1,4}. 

Proof: By definition j(£) mod 4 is a square. The case j(£) mod 8 = 5 can be 
excluded by the Schwarzenberger condition ci(£).c 2 (£) = 0(2). □ 

Since Miyaoka proved an upper bound of 174 nodes, by Lemma 11.51 the theoretical 
maximum of our method lies at 7 = —24, i.e. at most 160 nodes. Furthermore, Lemma 
11.51 implies that the only new constructed numbers of nodes can be 124 and 156. 

2 Construction of some bundles 

By looking at the splitting bundles allowing for smooth X we obtain immediately exam- 
ples of octics with 28, 48, 60 and 64 nodes. Moreover, it is not hard to see the existence of 
elliptic curves in P 3 of degrees d < 7 which are cut out by quartics (cf. Bo t95llHu] ). The 
Serre construction, more detailed explained below, then yields examples of octics with 
80, 96 and 112 nodes. It is a little bit more work to see the existence of elliptic curves of 
degree 8 cut out by quartics. 

We use the Serre construction of rank-2-bundles to get the desired example (cf. [DSS ). 
Let Y C P 3 be an elliptic curve of degree 8. Then there is a rank-2-bundle with an exact 
sequence 

— > O — > £ — > 2y(4) — ► 0, 

since by adjunction formula det Ny\r 3 — 0(A)\Y. If we choose concretely Y as the image 
of C := {y 2 z - x 3 + xz 2 = 0} C P 2 via 

i : P 2 > P 3 

r 1 r 2 1 ,3 2|2,22, i2 2,2, 3l 

[x : y : z\ [x y + xyz + z : xy + yz + zx : x y + xyz + xz : xy + y z + z J, 
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we can compute with MACAULAY, that 

I Y :=@H°(l Y (n)) 

is generated by three quartics 91,52, 93 and four quintics. But also with MACAULAY 
we can verify that the projective schemes Y and {z 6 P 3 |gi(z) = q2(z) = 93(2) = 0} 
are identical. Hence 1y{A) is generated by global sections and we conclude that £ is 
generated by global sections. Therefore — Kf^s) = 0p(g)(2) is globally generated and we 
can choose s S H°(— Kf{s)) such that X is smooth. 

By construction c\(£) — Ah and 02(f) = 8/1 2 , hence 7 (£) = —16 and \P\ = 128. 

Remark 2.1 (i) Note that this case is extremal in some sense: Any elliptic curve in 
P 3 of degree d > 9 cannot be cut out by quartics. This can be seen like follows: 
If the contrary would be the case, the Serre construction would yield a globally 
generated vector bundle £ and a sequence 

— > O — > £ — > 2y(4) — ► 0. 

Since —Kwg) — Op(£)(2) would then be globally generated as well, we conclude 
(-ifp (£) ) 4 > 0. On the other hand, 7 (£) = 16 - Ad < -20 and hence (~K P(£) ) 4 = 
327 + 512 < -128. 

(ii) This example is extremal also in some other sense: A general member of | — K-p(s)\ 
is an elliptic fibre space over a quadric, which is the restriction of an elliptic fibre 
space P(£) — ► P 3 (see jKiiOlj ). 

The cases where 7 is odd are more complicated to deal with. In these cases we cannot 
use elliptic curves. Instead of genus 1 we have to choose negative genera, hence Y is not 
irreducible and the extendability condition of the normal bundle is harder to check. So 
the Serre construction does not appear to be useful. 
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